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A method is p roposed  to de t e rmine  the t he rmophys i ca l  c h a r a c t e r i s t i c s  of solid m a t e r i a l s  on 
the bas i s  of solving t h i rd -  and f o u r t h - o r d e r  l inear  hea t -conduct ion  equations.  It is shown 
that  l inear  heat -conduct ion  equations of o rde r  g r e a t e r  than  two pos se s s  a high degree  of ac -  
cu racy  of the  solution, 

The  ma jo r i ty  of methods to  d e t e r m i n e  the t e m p e r a t u r e  dependence of the t he rmophys i ca l  c h a r a c t e r -  
i s t i c s  of solid m a t e r i a l s  is based  on the solut ion of l inear  hea t -conduct ion  equations in which these  c h a r -  
a c t e r i s t i c s  a r e  a s s um ed  constant .  This  evidently in t roduces  definite e r r o r s  which it  is not poss ib le  to 
avoid.  

Methods a r e  known, [1, 2], for  example ,  which a r e  b a s e d  on the solution of nonlinear  hea t -conduc-  
t ion equations.  However ,  t he i r  p r ac t i ca l  use  is fraught  with definite diff icul t ies ,  s ince functional depen-  
dences  of the des i r ed  quanti t ies en te r  in the computat ional  fo rmulas .  

A method which is dis t inguished f r o m  those p reced ing  by the higher  deg ree  of a ccu racy  in d e t e r -  
mining the t he rmophys i ca l  p a r a m e t e r s  and by the convenience of p rac t i ca l  appl icat ion is  p roposed  in this 
p a p e r .  

The  c rux  of the method is the following: We r e p r e s e n t  the nonl inear  equation of heat  conduction 

P(t)c(t) at = ~ (~(t) o t ) - ~  O---x -~x  (1) 

a s  

at a~t a( at) at 
P~176 ~-x - -  z~ ax ~ = --ax ~ (t)-~x - -  ~ (0 --dx,  (2) 

where  •(t) = x 0 + ~(t), o(t)e(t) = o0e0 + r 

Since the functions ~o(t) and r a r e  continuous and have continuous f i r s t  to n- th  de r iva t ives  with r e -  
spec t  to x inclusive,  then the r ight  s ide  of (2) can be r e p r e s e n t e d  as  the sum of a power  s e r i e s  : 

at a~t 
~ _  , 1 r  (x, x) (x - -  x0) . ,  1 + (3) poCo ~ = ~ o - ~ -  + r (Xo, ~) + ,  cx (x0~) (x - -  x o) + . . .  + ( n - -  1)----S . . . .  ' 

where  4~(x, r )  = (8/8x) [~0(t)(St/Sx)] - -  ~(t)(St/Sr) and x 0 is an  a r b i t r a r y  point of the domain  of va r i a t ion  of the 
space  coordinate  x. Af ter  n- tuple  d i f ferent ia t ion  of (3) with r e s p e c t  to  x, we obtain a l inea r  d i f ferent ia l  
equation of heat  conduction of (n + 2)-th o rde r :  

d-+~t a"+xt - ao (4) 
axnax Oxn+2 
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Fig.  1. Graphs  of the t e m p e r a t u r e  
f i e lds :  1) a c c o r d i n g  t o  (8); 2) a c -  

with the  boundary  condi t ions  
co rd ing  to  (9); 3) a c c o r d i n g  t o  (10); 
4) a c c o r d i n g  t o  (11); t is  i n ~  R t~l=,~ o = to, (6) 

is  in ram.  t~ I~=R = 0. (7) 

T h e n  the so lu t ions  of (5) and (4) a r e  for  n = 0, 1, 2, r e s p e c t i v e l y ;  

= ----~h + ~+~ + 2~a ~ (Loto -t- 1/23ht~) , 

R - - x  
t+  ( x )  = t o - - ,  

R 

be  g iven .  

To  so lve  (4) it is n e c e s s a r y  to have n + 2 bounda ry  con-  
d i t ions ,  which can  be g iven  on both the b o u n d a r y  s u r f a c e s  of the 
body  and at points  wi thin  i t .  Hence ,  it can  be conc luded  for  
n >> 1 that  the  t e m p e r a t u r e  f ield d e s c r i b e d  by (4) p r a c t i c a l l y  
a g r e e s  with the  so lu t ion  of (1). However ,  a l though (4) is l inea r ,  
i ts  so lu t ion  for  n >> 1 is a l s o  diff icul t .  In this  connect ion ,  it is 
expedient  to  find a m i n i m a l  value of n such  that  the  so lu t ion  of 
(4) would a g r e e  with the  exac t  so lu t ion  of the  non l inea r  equa-  
t i on  of heat  conduc t ion  t o  a suf f ic ien t ly  high d e g r e e  of a c c u r a c y .  
The  s i m p l e s t  means  of d e t e r m i n i n g  nmi n is to  c o m p a r e  the s o -  
lu t ion of (4) fo r  d i f fe ren t  va lues  of n with the exac t  so lu t ion  of 
(1). In this  ca se ,  let us  l imi t  o u r s e l v e s  to  so lu t ions  of ~ust the 
s t a t i o n a r y  equat ions  of  hea t  conduct ion .  

Let the non l inea r  s t a t i o n a r y  h e a t - c o n d u c t i o n  equat ion  

d [ 0 ~ 0 + ) , t t ~ ) ~ ] = 0  (5) 
dx 

(8) 

.(9) 

X 2 - -  R X  
t 3 (x) = t o R - - x  _~ [2io _ 4t I (112R)] - -  (1 0) 

R ' R 2 ' 

t~(x) = t= (x) + 9/2 [3t x ( l /3R)  - -  3t 1 (2/3R) - - t  o] • 

x 3 - -  R=x . . . .  x z - -  R x  
• R ~  + 9/2 [4t 1 (2/3R) - -  5t 1 (1/3R) -k zt01 - ~  , (11) 

w h e r e  t t (1/2 R), t 1 (1/3 R), and t t (2/3 R) a r e  addi t ional  b o u n d a r y  condi t ions  t aken  f r o m  the  so lu t ion  of (8). 
Graphs  of the  funct ions  of the  t e m p e r a t u r e  f ields c o r r e s p o n d i n g  to  the so lu t ions  (8)- (11) a r e  r e p r e s e n t e d  in 
the  f igure  for  A = 0.2 W / ( m . d e g ) ,  ]+t = 0.002 W / ( m - d e g )  2, t o = 3000~ and 1~ = 0.012 m.  tt follows f r o m  
a n  a n a l y s i s  of the c u r v e s  tha t  the  so lu t ion  (10) and  even m o r e  so  (11) a s s u r e  an a c c u r a c y  p e r f e c t l y  ade-  
quate  for  p r a c t i c e .  Taking into accoun t  the t e m p e r a t u r e  d rops  at 3000~ in so lv ing  (4) and (5), an  a n a l o -  
gous  conc lu s ion  can  be made  r e l a t i v e  to  the  so lu t ion  of nons t a t iona ry  h e a t - c o n d u c t i o n  equat ions  of c o r r e -  
sponding  o r d e r s .  T h e r e f o r e ,  l i nea r  equa t ions  of the  t h i rd  o r  four th  o r d e r ,  whose  so lu t ion  will  not r a i s e  
any  d i f f i cu l t i es ,  can  be used  in  deve lop ing  s o m e  method  to  d e t e r m i n e  the t h e r m o p h y s i e a l  p a r a m e t e r s  of 
so l id  m a t e r i a l s  with an  ins ign i f ican t  loss  of  a c c u r a c y .  Thus ,  fo r  example ,  in  the e a s e  of s y m m e t r i c  
hea t ing  of a p la te  of th i ckness  2R and of g iven  bounda ry  condi t ions  

t !+=0 = to, (12) 

t ix=0 = to + q~ (~), (13) 

t I,=R = to + ~; (~), (14) 

Ot [ = o. 

Ox I~---o (15) 

the  so lu t ion  of (4) fo r  n = 1 will  be 

X 2 
t (x, ~) = t o + 9 (~) 4 r (~) - -  9 (~)) ~ -  + (~' (~) - -  V (~)) 

16aoR ~ 
(16) 
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i f  i t  is  a ques t i on  of jus t  the  f i r s t - o r d e r  d e r i v a t i v e s  of the  funct ions  ~o(r) and r  In (16) a o is  the  coe f f i -  
c i en t  of t h e r m a l  d i f fus iv i ty  c o r r e s p o n d i n g  to  the  t e m p e r a t u r e  t o and a s s u m e d  known. It  fol lows f r o m  an  
a n a l y s i s  of the  non l inea r  h e a t - c o n d u c t i o n  equa t ion  (1) a s  x ~ 0 tha t  

I O~ t 
p (t) c (t) ~o~ ~ o  = ~' (t) o - - ~  ~=o 

or  

\ Ox ~ / J x=o" 

Tak ing  accoun t  of  the  above  and the  so lu t ion  (i6),  we ob ta in  the  fol lowing f o r m u l a  to  d e t e r m i n e  the  
coef f i c ien t  of t h e r m a l  d i f fus iv i ty :  

~'  (~) R ~ 
a (t) Ix--O = R 2 (17) 

2 (4 (x) -- ~ (~)) --  ($' (x) -- qo' (x)) - -  
8% 

A formula can also be obtained in an analogous manner from the solution of a fourth-order linear heat-con- 
duction equation. Thus, if the boundary condition 

t I.=~, = to + g (x) 

is added to the system of equations (12)-(15), where 0 < II l < R, then the desired formula will be 

w h e r e  

a (t) Ix~ -- ~' (x) R (R -- RI) (18) 
F(x)--  q,(x) 

2R ~ 2R1 
F ('r) = ( g  ('r) - -  qo ('r)) R- -~- - (~p(~r ) - -v( , r ) )  R ' 

r (~) = (g' (x)--  (~' (~)) R~ (3R1 - -  2R) (4' (~) - -  ~' (~)) g l  (3R - -  2R0 . 
30aoRx 30a 0 

It  i s  not diff icul t  t o  d e t e r m i n e  the  h e a t - c o n d u c t i o n  coef f i c ien t  i f  the  hea t  f lux on at  l e a s t  one of the  bounda ry  
s u r f a c e s  of the  body  be ing  t e s t e d  i s  g iven .  In  p r i n c i p l e ,  (17) and (I8) d i f f e r  f r o m  the w e l l - k n o w n  f o r m u l a  

bR 2 
a =  2At " (19) 

Firstly, (19) has been obtained from the solution of a second-order linear equation of heat conduction and 
admits of its application for temperature drops on the order of 10-15~ between the boundary surfaces. 
Secondly, when it is used, the question remains open as to what temperature the values obtained refer (at 
the center, on the surface, or in the middle). As regards (17) and (18), they have been obtained from the 
solution of third- and fourth-order linear heat-conduction equations, respectively; therefore, their ac- 
curacy will be greater. Moreover, they are without that uncertainty which was expressed relative to (19), 
since the thermal diffusivity is determined at the point x = 0 according to (17) or (18). Finally, they do 
not limit the temperature drop between the boundary surfaces. 
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